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ABSTRACT
Gene tree and species tree reconstruction, orthology analysis
and reconciliation, are problems important in multigenome-
based comparative genomics and biology in general. In
the present paper, we advance the frontier of these areas in
several respects and provide important computational tools.
First, exact algorithms are given for several probabilistic rec-
onciliation problems with respect to the probabilistic gene
evolution model, previously developed by the authors. Un-
til now, those problems were solved by MCMC estimation
algorithms. Second, we extend the gene evolution model
to the gene sequence evolution model, by including sequence
evolution. Third, we develop MCMC algorithms for the
gene sequence evolution model that, given gene sequence
data allows: (1) orthology analysis, reconciliation analysis,
and gene tree reconstruction, w.r.t. a species tree, that bal-
ances a likely/unlikely reconciliation and a likely/unlikely
gene tree and (2) species tree reconstruction that balance
a likely/unlikely reconciliation and a likely/unlikely gene
trees. These MCMC algorithms take advantage of the exact
algorithms for the gene evolution model. We have success-
fully tested our dynamical programming algorithms on real
data for a biogeography problem. The MCMC algorithms
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perform very well both on synthetic and biological data.

Categories and Subject Descriptors
G.3 [Probability and Statistics]: Probabilistic algorithms (in-
cluding Monte Carlo); J.3 [Life and Medical Sciences]: Biol-
ogy and genetics

General Terms
Algorithms

Keywords
Algorithms, baysian analysis, gene tree, orthology, reconcili-
ation

1. INTRODUCTION
Phylogenetic analysis, with applications to orthology anal-

ysis, is of fundamental importance to comparative genomics.
Gene tree reconstruction and reconciliation of gene and
species trees are powerful tools for the translation of genomic
information between organisms and the study of gene fami-
lies. Species tree reconstruction is ubiquitous in biology. We
give algorithms and develop computational tools for central
problems in these areas.

Previously, orthology analysis has been performed in a
two-step process, by first constructing a gene tree and then
reconciling it with the appropriate species tree. Conse-
quently, in the extreme cases, the reconciliation have in-
cluded far too many duplications, or in other ways contra-
dicted known biological facts, and thereby revealed the in-
correctness of the gene tree. Although, recent advanced phy-
logeny programs [7] can propose alternative gene trees, there



is a more fundamental problem: a reconciliation describes
how a gene tree has evolved w.r.t. a species tree and any
reconciliation implies constraints on the times of the edges
in the gene tree and hence also on the sequence evolution.
These constraints may directly contradict the times used in
the reconstruction of the gene tree. There is also a trade-
off between a likely/unlikely gene tree and a likely/unlikely
reconciliation and this trade-off should be handled in a prob-
abilistically sound way. The natural conclusion is that the
reconstruction of the gene tree and the reconciliation should
be integrated. In fact, such an integration gives a gene tree
reconstruction procedure, which takes a known species tree
into account. Today, the species tree is completely disre-
garded in gene tree reconstruction. Of course, sometimes
gene trees are constructed precisely for the purpose of esti-
mating the corresponding species tree. However, in the pres-
ence of duplications it is necessary to use gene trees from sev-
eral gene families. The integration then gives a biologically
sound supertree construction method that in the presence of
duplications yields a species tree given gene trees.

In [2], a gene evolution model was introduced. In the
model, a gene tree evolves “inside” a given species tree; this
does not only produce a gene tree but it also induces a rec-
onciliation of the gene tree and the species tree. We now ex-
tend this to the gene sequence evolution model by including
sequence evolution. That is, from the creation of a new gene
lineage, by a duplication or a speciation, a sequence evolves
according to some standard sequence evolution model, see
e.g. [3], until the lineage is split into two, again by a duplica-
tion or a speciation, which causes the sequence to split into
two initially identical but henceforth independently evolving
sequences. The gene sequence evolution model is hierarchi-
cal, in the sense that, evolving the gene tree with duplication
times on the internal vertices using the gene evolution model
and then letting a standard sequence evolution model act on
the branches of the gene tree gives the same result.

In [2], MCMC algorithms were described that for a given
gene tree and a species tree S, estimates the posterior dis-
tribution of reconciliations, Pr[γ |G], and estimates the pos-
terior probability of two genes, a and b, being orthologs,
Pr[ a and b orthologs |G]. Here and in the rest of the intro-
duction we omit, for simplicity, the parameters of the birth-
death process. In each sampling step of the MCMC algo-
rithm, a likelihood computation is performed for a gene tree
G and a reconciliation γ, i.e. Pr[G, γ].

In the present paper, the main algorithmic contribution
is the formulation of dynamic programming algorithms for
computing the sum of the likelihoods of all reconciliations,
i.e.

∑
γ Pr[G, γ], and for computing the maximum likeli-

hood over all reconciliations, i.e. maxγ Pr[G, γ]. Moreover, a
procedure is given that samples from the posterior distribu-
tion of reconciliations; that is, we show how to sample from
the distribution Pr[γ |G], whilst the MCMC algorithm of [2]
merely facilitates sampling from an estimation of this distri-
bution. The fundamental problem in formulating such algo-
rithms is that the number of reconciliations between a species
tree and a gene tree, as well as the number of subproblems
from any obvious decomposition based on the reconciliation
itself (i.e., the sliced subtrees of [2]), is exponential. The al-
gorithms developed in this paper use mathematically non-
trivial techniques for managing the subproblems, thus pro-
viding important improvements to the efficacy of analysis.

By taking advantage of these exact algorithms, we are able

to give MCMC algorithms that estimate posterior distribu-
tions w.r.t. the gene sequence evolution model. We give an
algorithm that estimates the posterior distribution on gene
trees, Pr[G |F ], where F is a set of gene sequence data, as
well as an algorithm that estimates the posterior probabil-
ity that a pair of genes, a and b, are orthologs given a set of
sequence data. Finally, we show how this approach can be
taken one step further so that the posterior distribution for
species trees, w.r.t. a number of observed gene families, are
obtained.

We have successfully tested our dynamical programming
algorithms on real data for a biogeography problem. Like-
wise, the MCMC algorithms were successfully tested on syn-
thetic and biological data.

The rest of the paper is organized as follows. First, some
(mostly standard) definitions are introduced, followed by a
review of our probabilistic gene evolution model and exten-
sions to the gene sequence evolution model. The general
MCMC framework is then described briefly together with a
description of how it is applied in the present case. Then
follows a formal definition of reconciliations. This forms
the base for the ensuing description of exact algorithms for
computing the reconciliation that maximizes the likelihood,
the sum of likelihoods over all reconciliation and sampling
reconciliations from the posterior distribution.Finally, exper-
imental results are presented.

2. DEFINITIONS AND NOTATION
A directed tree T consists of a set of vertices V (T ) and a set of

arcs A(T ). The set of leaves of T is denoted L(T ). The subforest
of a directed tree T , induced by a subset U of V (T ) is the
forest T \ (V (T ) \ U). In a rooted tree T all arcs are directed
away from the root and the root is denoted r(T ). Such a tree
is binary if each non-leaf has out degree two. For a directed
rooted tree T and u ∈ V (T ), the subtree rooted at u, denoted
Tu, is the subtree of T induced by all vertices reachable by
directed paths from u in T . For a binary vertex u in a tree T ,
c1(u) and c2(u) denotes different children of u in T , when T
is clear from the context. Moreover, the arc subtree of T for
〈u, v〉 ∈ A(T ), denoted T u,v , is Tv ∪ {〈u, v〉}. A species tree S
is a rooted directed arc-weighted binary tree S with weight
function wS : A(S) → R+. A gene tree is a rooted directed
binary tree given together with a leaf labeling function σ :
L(G) → L(S), where S is the species tree associated with
G. Intuitively, leaves in a gene tree G represent genes, leaves
in a species tree S represent species, and the gene l ∈ L(G)
belongs to the genome of the species σ(l).

3. PROBABILISTIC MODELS
In this section, we review the probabilistic gene evolu-

tion model, which was introduced and more thoroughly de-
scribed in [2]. Thereafter, we extend it to the more general
gene sequence evolution model. A reconciliation describes
how a gene tree has evolved w.r.t. a species tree; this con-
cept will be formally defined. In the gene evolution model,
a gene tree evolves “inside” a given species tree S; this does
not only yield a gene tree but also induces a reconciliation.

3.1 Gene evolution model
The gene evolution model describes how a gene tree G

evolves over time by speciation, duplication and loss events.
Speciations and duplications introduce vertices in G, while
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Figure 1: Example of how a gene tree evolves inside a species tree.

losses removes edges and vertices from the gene tree. In this
paper we consider, except for Section 5.3, S as fixed, thus
constraining the evolution of G. The gene tree can be viewed
as evolving “inside” the species tree. Over arcs of the species
tree, the gene tree is modeled by a standard birth-death pro-
cess [9], where birth and death events correspond to duplica-
tions and losses, with birth rate λ and death rate µ. When the
process reaches the end of an arc, i.e., a species tree vertex, it
is split into two identical and independent copies. One of
the processes evolves down the left outgoing arc of and the
other evolves down the right outgoing arc; moreover, this
evolution continues recursively downward to the leaves of
the species tree where it stops. After the recursive process
has stopped, the gene tree is pruned by removing vertices
that have no descendants in the leaves of the species tree and
finally by short-cutting vertices of degree two (i.e., removing
the vertex and connecting its neighbors in the natural way).
A leaf of the resulting gene tree is labeled, in the natural way,
with the unique leaf of the species tree to which the gene
tree leaf reached in the evolution process. This ends the de-
scription of how the gene evolution model generates gene
trees. In Figure 1, an example is provided of how a gene tree
evolves inside a species tree. We will often view the gene
evolution model as a process generating a gene tree G as well
as a labeling τ : V (G) \ L(G) → R+ of its internal vertices
with duplication times.

3.2 Gene sequence evolution model
We now extend the gene evolution model to the gene se-

quence evolution model by including sequence evolution.
That is, from the creation of a new gene lineage, by a dupli-
cation or a speciation, a sequence evolves according to some
standard sequence evolution model, see e.g. [3], until the lin-
eage is split into two, again by a duplication or a speciation,
which cause the sequence to split into two initially identi-
cal but henceforth independently evolving sequences. In the
results presented in this paper, we have, for simplicity, as-
sumed the Jukes-Cantor model of sequence evolution [8] as
well as a molecular clock model for substitution rate varia-
tion among arcs of the gene tree. More general models, e.g.
GTR [10, 12] or evolving rates [15], can easily be incorpo-
rated in our method; the model parameters would then be
estimated in the MCMC-analysis. The gene sequences evo-
lution model is hierarchical, in the sense that evolving the
gene tree using the gene evolution model and then letting a
standard sequence evolution model act on the gene tree gives
the same result.

4. RECONCILIATIONS
In this section, we proceed to define a reconciliation. The

definition in [2] was incomplete, below follows the correct
one. Before we set out some additional definitions are re-

quired. Let T be a rooted directed tree. For u ∈ V (T ), the
descendants of u in T are the vertices of Tu. This means that
u is a descendant of u. That v is a descendant of u in T is
denoted v ≤T u. Let u, v ∈ V (T ), then u and v are incom-
parable in T if u 6≤T v and v 6≤T u. A set A ⊆ V (T ) is a
≤T -antichain if for each pair u, v ∈ A it holds that u and v are
incomparable in T . A set U ⊂ V (T ) separates u ∈ V (T ) and
v ∈ V (T ) if there is no path between u and v in T \ U . A
tree T ′ is a subdivision of a tree T if removing each vertex of
degree at most two in T ′, and connecting its neighbors in the
natural way, yields T .

Formally, a reconciliation of a species tree S and a gene tree
G, with leaf labeling σ, is a pair, (γ, G′), where and G′ is a
subdivision of G and γ is a function γ : V (S) → 2V (G′) such
that:

1. γ(r(S)) 6= ∅

2. For any l ∈ L(G′), l ∈ γ(σ(l))

3. For any x, y ∈ V (S), γ(x) ∩ γ(y) 6= ∅ ⇒ x = y

4. For any x ∈ V (S), γ(x) is a ≤G′ -antichain

5. For any y, z ∈ V (S) such that v ∈ γ(y) and w ∈ γ(z),
if y, z are incomparable in S and v, w are incomparable
in G′, then γ(LCA(y, z)) separates v and w

6. For any x, y, z ∈ V (S), such that u ∈ γ(x), w ∈ γ(z),
z ≤S y ≤S x and w ≤G′ u, there is a v ∈ γ(y) for which
w ≤G′ v ≤G′ u

7. For any u with child v in G′, if u ∈ γ(x), then there is a
child y of x in S such that V (G′

v)∩γ(V (S)) ⊆ γ(V (Sy))

8. For any u ∈ γ(V (G′)) with two children v and w,
V (G′

v) ∩ γ(x) 6= ∅ ⇒ V (G′
w) ∩ γ(x) = ∅ and V (G′

w) ∩
γ(x) 6= ∅ ⇒ V (G′

v) ∩ γ(x) = ∅

We will, in the subsequent text, let G′ be implicitly given by
G and, hence, use γ alone to indicate a reconciliation.

The evolution of the gene tree inside the species tree also
induces a reconciliation of the two trees as follows: u ∈ γ(x)

a1 a2 b c

uG G’

a1 a2 b c

u

v v’ w’

Figure 2: G′ is a subdivision of G.



if and only if u is a “leaf” of the birth-death process when it
reaches x, and u at the end of the process has a descendant
below x.

5. MCMC-ESTIMATION OF THE POSTE-
RIOR DISTRIBUTION OF GENE TREES

This section contains a brief introduction to the MCMC
framework as well as a brief description of how this frame-
work is applied in the present case. For a more thorough ac-
count of MCMC and standard MCMC terminology, we refer
to [5].

MCMC is a technique that facilitates estimation of the
stationary distribution of a Markov Chain. It provides a
uniform framework to design transition probabilities of a
Markov Chain so that a sought stationary probability dis-
tribution is obtained. A random walk is performed in the
Markov Chain according to the transition probabilities. In
the present case, a state in the Markov chain is a triple
(G, λ, µ) where G is a gene tree, λ a birth rate, and µ is a
death rate. In order to simplify the description, we describe
the Markov chain as if λ and µ were discrete parameters. Let
F = {q1, . . . , qn} be the set of observed gene sequences. The
sought stationary distribution is the a posteriori distribution
of gene trees, i.e. posterior to the observations of F ,

Pr[G, λ, µ |F ] =
Pr[F, G |λ, µ]Pr[λ, µ]

Pr[F ]
.

We use a uniform prior for λ, and µ. The probability
Pr[F, G |λ, µ] is called the likelihood and we will in Sec-
tion 5.1 show how it can be approximated with small error.
The posterior distribution thus assigns to a state (G, λ, µ) the
probability that, in the gene evolution process: G was the
gene tree, λ was the birth rate, and µ was the death rate, con-
ditioned by the observed gene sequences F . In the limit, the
fraction of visits to a state during the simulation, in relation
to the total number of visits, is the stationary probability. In
practice, frequencies are collected after a period of burn in,
i.e., the time it takes for the chain to “forget” its starting state,
and up to an estimated stopping time, sufficiently late to make
the estimation of the stationary distribution reliable, see [5].

In each iteration of an MCMC simulation a new state is
proposed according to a specific proposal distribution. The
proposal distribution that we use is based on, so called, near-
est neighbor interchange branch swapping, [14], The new
state is accepted, i.e. becomes the current state, or rejected,
in which case no change is made of the current state, ac-
cording to an acceptance distribution. In the present case,
a symmetric proposal distribution is used, which means that
the algorithm proposed here is an instance of the Metropolis
method [5]. Consequently, when the present state is (G, λ, µ),
the acceptance probability for a proposed state (G′, λ′, µ′) is
αij = Pr[F,G |λ, µ]

Pr[F,G′ |λ′, µ′] .
Notice that the MCMC framework together with the capacity

to compute the likelihood, Pr[F, G|λ, µ], and to sample from the
proposal distribution gives us the MCMC algorithm that estimates
the a posteriori distribution of reconciliations.

5.1 Approximating the likelihood well
The likelihood Pr[F, G |λ, µ] can be expressed as follows∑

γ,τ

Pr[F | τ, γ, G, λ, µ]Pr[τ | γ, G, λ, µ]Pr[γ, G |λ, µ],

where τ is the duplication time.
Sampling τ from Pr[τ | γ, G, λ, µ] is fairly uncomplicated

and the description of it is omitted. Sampling γ from
Pr[γ, G |λ, µ], which in contrast is complicated, can be done
using our dynamic programming approach. Hence, to esti-
mate the likelihood we can sample τ, γ from their joint dis-
tribution m times and sum the values of Pr[F | τ, γ, G, λ, µ].
Since the substitution process depends only on G and τ this
probability simplifies to Pr[F | τ, G], which is standard to
compute [14]. Hoeffding’s bound [6] implies that after m
samples our sum differs from the likelihood by at most ε with
probability at most 1− 2e2mε2 .

5.2 Orthology analysis
We will now describe how to estimate the posterior prob-

ability that a given pair of genes a and b are orthologs, i.e.
Pr[a and b orthologs|F ]. Since this probability can be ex-
pressed as:∑

G,λ,µ

Pr[a and b orthologs, F, G |λ, µ]

Pr[F, G |λ, µ]
Pr[G, λ, µ |F ]

and we already know how to estimate Pr[G, λ, µ |F ],
it suffices to show how to obtain the probabilities
Pr[a and b orthologs, F, G |λ, µ] and Pr[F, G |λ, µ]. The
gene tree vertices associated with species tree vertices by a
reconciliation are speciations; all other gene tree vertices are
duplications. According to the original definition by Fitch
[4], two genes are orthologs if and only if their least com-
mon ancestor in the gene tree is a speciation. Thus, by adapt-
ing the sampling approach from the previous section, sum-
ming the probability

∑
γ,τ Pr[F | τ, γ, G, λ, µ] separately for

the reconciliations where the gene pairs, a and b, are or-
thologs and where they are paralogs, we can estimate the
probability Pr[a and b orthologs, F, G |λ, µ].

5.3 Posterior distribution of species trees
In this section, we show that the likelihood computations

described in this paper are sufficient to obtain an MCMC al-
gorithm that estimates the posterior distribution of a species
tree w.r.t. a number of gene familiesF = {F1, . . . , Fk}, where
each Fi is a set of sequence data for a gene family and each
gene sequence is labeled with the species in which genome
it can be found. Thus, the species tree is not fixed in this
section. We will now describe an MCMC algorithm that esti-
mates the posterior probability

Pr[S, G1, . . . , Gk, λ, µ | F ], (1)

from which it is easy to obtain the wanted distribution
Pr[S | F ]. The posterior (1) equals

Pr[F , G1, . . . , Gk |S, λ, µ]Pr[S, λ, µ]

Pr[F ]
.

Using uniform priors on species trees and rates, only the like-
lihood needs to be handled and it can be expressed as fol-
lows,

Pr[F , G1, . . . , Gk |S, λ, µ] =
∏

1≤i≤k

Pr[Fi, Gi |S, λ, µ],

where each factor Pr[Fi, Gi |S, λ, µ] can be handled as in
Section 5.1.



6. EXACT ALGORITHMS FOR MAXI-
MUM, SUM, AND SAMPLING OF LIKE-
LIHOODS

In [2] a dynamic programming algorithm was described
for computing the likelihood of a reconciliation and a gene
tree, given a species tree and model parameters. This algo-
rithm was then used to develop a MCMC-based framework
that allowed estimation of the posterior distribution of rec-
onciliations.

A decomposition of the gene tree is central to the dynamic
programming algorithm for the likelihood in [2]. The gene
tree is decomposed into, so called, sliced subtrees and rooted
subtrees. A sliced subtree of the gene tree is only defined
w.r.t. to a reconciliation; it consists of the part of a gene tree
that according to the reconciliation occurred inside a specific
edge of the species tree. The rooted subtrees are the subtrees
of the gene tree rooted at the leaves of the sliced subtree, and
hence also those are defined with respect to a reconciliation.

The main technical obstacle to the design of the sum, the
maximum, and the sampling algorithm is that there is an ex-
ponential number of reconciliations, in terms of the size of
the gene tree, and that they also give rise to an exponential
number of sliced trees. This obstacle is circumvented by de-
vising dynamic programming algorithms that do not need
to be presented with explicit sliced trees, for which instead it
suffices to base the computation on small local configurations
of the sliced tree, consisting of a parent and its two children,
and a small number of stored values.

We will now review the recursive expression for the like-
lihood, on which the dynamic programming algorithm was
based. For simplicity, we will assume that our reconciliation
γ satisfy γ(r(S)) = {r(G)}.

6.1 Decomposition and recursive expression
for a specific reconciliation

This subsection describes how to decompose the gene
tree so that a recursive expression for the likelihood can be
obtained. If u ∈ V (T ) and U ⊆ V (T ), then Tu,U de-
notes the subtree of T induced by {v : ∃u′ ∈ U, u′ ≤T

v ≤T u}. For 〈x, y〉 ∈ A(S) and u ∈ γ(x), we call
Gu,γ(y) a sliced subtree. The tree Gx,y

u refers to Gu,U with
U = V (Gu)

⋂
z∈V (Sx,y) γ(z), that is, the part of Gu that has

evolved in the arc subtree of S for 〈x, y〉. These definitions
are illustrated by an example appearing in Figure 3. Let
γu : V (S) → 2V (Gu) be defined by γu(z) = γ(z) ∩ V (Gu),
for any z ∈ V (S). Similarly, let γx,y

u : V (Sx,y) → 2V (Gx,y
u ) be

defined by γx,y
u (z) = γ(z) ∩ V (Gx,y

u ).
Define eV (γu, x, u) as the probability that Gu and γu

have evolved from u starting at x in Sx. Similarly, define
eA(γ, y, u) as the probability that Gx,y

u and γx,y
u has evolved

from u starting at x in Sx,y . Assume that x has children y and
z in S. In [2], the dynamic programming for computing the
likelihood of a specific reconciliation was based on the mutu-
ally recursive equations (2)-(4) below. Due to independence,

eV (γ, x, u) ={
1, x ∈ L(S), u ∈ L(G)
eA(γx,y

u , y, u)eA(γx,z
u , z, u), otherwise

(2)

There are two cases for eA: first, for γu(y) 6= ∅,

eA(γ, y, u) =py(|γ(y)|)h(γ, y, u)φ(γ, y, u)∏
v∈γu(y)

eV (γv, y, v), (3)

second, for γu(y) = ∅,

eA(γ, y, u) = py(0). (4)

In the next subsections, we will define and explain h and φ.
The factor py(l) is up to a normalizing factor the probability
that the tree generated by the birth-death process over the
edge 〈x, y〉 has l leaves; how to compute it follows from [2,
9].

6.2 Probability for sliced tree
To express the probability of a sliced subtree Gu,γ(y), we

view the birth-death process over an edge 〈x, y〉 ∈ A(S) as
generating trees in two steps. In the first step, labeled trees
are generated in such a way that all labeled trees with l leaves
are equiprobable. In the second step, the labels are simply
removed and the result is an unlabeled tree.

The probability for an unlabeled tree T with l leaves to be
generated can, hence, be expressed as a product a(T )h(T ),
where a(T ) is the probability that the labeled tree has l leaves
and h(T ) is the fraction all of labeled trees with l leaves that
has T as its underlying unlabeled tree.

A labeling of a tree T is a vertex labeling together with an
arc labeling of T . A labeled tree is a tree T given together
with a labeling. An arc labeling of a tree T is a function χA :
A(T ) → {L, R}, where a label specify if an arc is a left (L)
or a right (R) outgoing arc. A vertex labeling of a tree T is
a function χV : V (T ) \ L(T ) → [1, |L(T )| − 1] such that
u ≤T v implies χ(u) ≤ χ(v). The vertex labels specify the
birth order of vertices. To derive the the following lemma,
we will count the number of underlying labellings of a tree
T by first counting the number of arc labellings of T and then
counting the number of vertex labellings of T together with
any of these arc labellings.

LEMMA 1.

h(γ, y, u) ={
1 if u ∈ γ(y)

κ h(γ, y, c1(u))h(γ, y, c2(u)) otherwise,

where κ = 2
δ(Gu,γ(y))

|L(Gu,γ(y))|−1
.

6.3 The number of ways to generate the rest
of the tree

It is important for the understanding of this subsection to
realize that the gene tree G and the corresponding reconcili-
ation γ actually represent all pairs of gene trees and reconcil-
iations such that the gene trees are isomorphic with respect
to the reconciliation. An isomorphism f between gene trees
G and G′ is said to respect the corresponding reconciliations
γ and γ′ if and only if, for any u ∈ V (G) and x ∈ V (S),
it holds that u ∈ γ(x) ⇔ f(u) ∈ γ′(x). We denote the set
of such ordered pairs 〈G′, γ′〉 by [G, γ]∼=, i.e. [Gi, γi]∼= is an
isomorphism class. Thus the names of vertices of G are irrel-
evant.

The expression φ(γ, y, u) in (3) is defined to be

φ′(Gu,γ(y), [Gv1 , γv1 ]∼=, . . . , [Gvl , γvl ]∼=),
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Figure 3: (I) A reconciliation γ of G and S. (II) The trees Gx,y
u and Gx,z

u with respect toG, S and γ in (I). (III) The sliced subtree
Gu,γ(y) and the rooted subtrees Gv, Gv′ and Gw′ for the same gene tree, species tree and reconciliation as above.

where v1, . . . , vl are the vertices of γx,y
u (y) and the yet un-

defined parts of the expression are defined below. For
a tree T with leaves [l] and labels m1, . . . , ml, the factor
φ′(T, m1, . . . , ml) is the number of different leaf labellings
L : [l] → {m1, . . . , ml} such that there is an automorphism
f : V (T ) → V (T ) (i.e. an isomorphism from T to itself)
satisfying mi = L(f(i)).

Let δγ(T ) be defined by

δγ(T ) =


0 if Tc1(u) 6∼= Tc2(u)

0 if [Tc1(u)γc1(u)]∼= = [Tc2(u), γc2(u)]∼=
1 otherwise.

LEMMA 2.

φ(γ, y, u) ={
1, if u ∈ γ(y)

η φ(γ, y, c1(u))φ(γ, y, c2(u)), otherwise,

where η = 2δγ(Gu,γ(y)).

6.4 Dynamic programming for max
In this subsection, we describe the recursions on which the

dynamic programming for the maximum likelihood recon-
ciliation is based. We then briefly describe how the recur-
sions are turned into a dynamic programming algorithm.

In the dynamic programming algorithm for maximum, we
will for each pair of vertices y ∈ V (S) and u ∈ V (G) store
the values of eA(γ, y, u) and eV (γ, y, u) for the three different
reconciliations that maximize those values. The final answer,
i.e. the likelihood for the most likely reconciliation, is the
maximum of eV (γ, r(S), r(G)). To be able to compute the
values of these variables in the dynamic programming, we
would like to show recursions for the variables, i.e. show
that they can be expressed using variables for (1) y′ <S y
and u′ ≤G u or (2) y′ ≤S y and u′ <G u. For eV (γ, y, u),
this is shown in (2). To handle eA(γ, y, u), we introduce an
additional function

fA(γ, y, u) = h(γ, y, u)φ(γ, y, u)
∏

v∈γu(y)

eV (γv, y, v).

Clearly

eA(γ, y, u) = py(|γ(y)|)fA(γ, y, u) (5)

which gives the recursion for eA. Using the recursions for
h and φ from the previous sections, we can show that the

following recursion holds for fA.

fA(γ, y, u) =
1, if Gx,y

u is empty
eV (γ, y, u), if u ∈ γ(y)
ξ fA(γc1(u), y, c1(u))
fA(γc2(u), y, c2(u))

, otherwise,

(6)

where ξ = 2δ(Gu)+δγ (Gu)

|γ(y)|−1
. Notice that the sum δ(Gu)+δγ(Gu)

is equal to,{
0, if [Gc1(u), γc1(u)]∼= = [Gc2(u), γc2(u)]∼=
1, otherwise.

Naturally, in the recursions (2), (4), (5), and (6) the variable
for a reconciliation γ is expressed in terms of variables for
the same reconciliation γ or in terms of reconciliations which
are “subreconciliations” of γ, i.e. restrictions of γ to subtrees
of G. The dynamic programming, however, will as usual
be performed bottom up in the trees, from the leaves to the
roots. The recursions (4) and (5), where the right-hand sides
only contains the same reconciliation as the left-hand sides
or no reconciliation are unproblematic; whilst the recursions
(2) and (6) require a few observations. We now make the key
observations needed to convert the recursions to a dynamic
programming algorithm for the maximum. Let 1 ≤ i ≤ 3, let
x be a vertex with children z and x in S, and let u be a vertex
with children v and w in G.

We first make the observation concerning (2). If γ is the rec-
onciliation giving the i:th greatest value of eV (γ, x, u), then
γx,y

u gives the j:th greatest value for eA(γx,y
u , y, u) where 1 ≤

j ≤ 3 and γx,z
u gives the k:th greatest value for eA(γx,z

u , z, u)
where 1 ≤ k ≤ 3.

We now make the observation concerning (6). If
γ is the reconciliation giving the i:th greatest value of
fA(γ, y, u), then γc1(u) gives the j:th greatest value for
fA(γc1(u), y, c1(u)) where 1 ≤ j ≤ 3 and γc2(u) gives the
k:th greatest value for eA(γc2(u), y, c2(u)) where 1 ≤ k ≤ 3.
Moreover, δ(u)+δγ(u) = 0 if and only if Gc1(u)

∼= Gc2(u) and
j = k. Using latter observation δ(u)+δγ(u) can be computed
without knowing γ.

6.5 The probability of a gene tree
We now turn to the problem of computing Pr(G|S) by

summing over all reconciliations:

Pr(G|S) =
∑
γ∈Γ

Pr(G, γ|S), (7)



A(y, u) =


py(0), if c(y, u) does not exist
A(y, c(y, u)) if u ∈ γ∗(x), where x is the parent of y∑U(u)

k=L(y,u) py(k)B(y, u, k), otherwise

B(y, u, k) =


1, u ∈ L(G), y ∈ L(S)

A(c1(y), u)A(c2(y), u), k = 1
2δ(Tu)

k−1

∑
(k1,k2)∈K(y,u,k)

B
(
y, c1(u), k1

)
B

(
y, c2(u), k2

)
, L(y, u) ≤ k ≤ U(u)

0, otherwise.

Figure 4: Recursion for computing the sum (12).

where Γ is the set of all reconciliations.
The primary means of computation will be expressing

Pr(Gx,y
u |Sx,y), i.e., the probability of a subtree of G being

reconciled to an arc subtree of S. This which will facilitate
a recursion over G and S.

For the rest of this subsection, let γ∗ denote the reconcil-
iation with the least number of postulated duplications and
losses.

As Pr(Gx,y
u |Sx,y) is a different computational objective, we

will rephrase the functions we are interested in slightly. As-
sume that x ∈ V (S) has children y and z in V (S). Define

eB(γ, y, u) = py(|γ(y)|)h(Gu,γ(y))∏
v∈γu(y)

eW (γv, y, v) (8)

and

eW (γ, x, u) ={
1, x ∈ L(S), u ∈ L(G)

eB(γx,y
u , y, u)eB(γx,z

u , z, u), otherwise

(9)

as analogs to eA and eV , in expression (3), (4) and (2) corre-
spondingly. The difference is that the φ factor, which is the
number of equivalent reconciliations, is removed from eA. It
is possible to express eA in terms of eB by

eA(γ, y, u) =
∑

γ′∈I(γ)

eB(γ′, y, u), (10)

where I(γ) = {γ′ : [G, γ]∼= = [G, γ′]∼=}.
A slice Gu,γ(y) is bounded in size due to constraints on

reconciliations. No slice can be larger than the number of
leaves in the subtree rooted at u, so there is an upper bound
U(u) = |L(Gu)|. There are also lower bounds for slice sizes,
since some duplications by necessity must occur before cer-
tain speciations.

The lower bound is expressed as: Let u ∈ γ∗(y′), y′ ∈ V (S)
then

L(y, u) =

{
1 if y′ ≤S y

L(y, c1(u)) + L(y, c2(u)) otherwise.
(11)

Define Γx,y
u as the set of reconciliations from V (Sx,y) to

2V (Gx,y
u ). We can now state our computational goal:

Pr(Gx,y
u |Sx,y) =

∑
γ∈Γ

x,y
u

eB(γ, y, u). (12)

The following definitions are needed for constructing a re-
cursion for computing the sum (12).

Let y′ ∈ V (S) such that y′ ≤S y. If y′ is associated to ci(u),
i = 1, 2, or its descendants, then c(u, y) = ci(u). Otherwise
c(u, y) does not exist.

K(y, u, k) = {(k1, k2) : k1 + k2 = k,

L(c1(y), c1(u)) ≤ k1 ≤ U(c1(u)),

L(c2(y), c2(u)) ≤ k2 ≤ U(c2(u))},

which describes the possible slice sizes.
A recursion for computing the sum (12) is given in Fig-

ure 4 using two mutually recursive functions, A and B. The
former is used to start a slice, thus expressing the probabil-
ity of reconciling a subtree of G with a subtree of S, while
the latter is used to assemble partial results from the lower
vertices of a gene tree slice to the slice’s root vertex.

The recursion for computing the sum as stated in Figure 4
is inefficient to compute. By doing a depth-first search in
the gene tree and computing values for A and B in a care-
fully chosen order, a time complexity of O(|V (G)| |V (S)|) is
achieved.

The recursions A and B in Figure 4 can be utilized for con-
structing a probability distribution for gene-tree slice sizes.
Sampling a reconciliation amounts to create slices while re-
cursing down the gene tree. When a new slice Gu,γ(y) is to
be created, its size k = |γu(y)| is chosen randomly according
to the distribution py(k)B(y,u,k)

A(y,u)
. Next, the number of leaves

k1 in Gc1(u),γ(y) is chosen with probability

B(y, c1(u), k1)B(y, c2(u), k − k1)∑
(k1,k2)∈K(y,u,k) B(y, c1(u), k1)B(y, c2(u), k2)

.

Thus, the structure of the two subtrees have been con-
strained, and we recurse down to determine their actual
structure. If k = 1, then it is time to start a new slice.

7. EXPERIMENTAL RESULTS

7.1 Application of the dynamic programming
algorithm to biogeography

As a test case of our dynamic programming algorithm, we
considered the problem of the breakup of the Gondwana su-
percontinent considered in [13]: Given a reliable phylogeny
for 24 southern beeches (Nothofagus) taxa (Figure 5), which
one out of three hypotheses for the breakups of Eastern
Gondwana (Figure 6), formulated a priori from geological
evidence, is most likely? Notice that in this biogeography
context, a tree describing a continental breakup is taking the
place of a species tree. Vertices in the Nothofagus phylogeny
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Figure 5: The Nothofagus phylogeny (redrawn from [13]).

Table 1: Probabilities, speciation (λ) and extinction (µ)
rates, and minimum number of speciations for the three
hypotheses of Gondwanan breakup.

Hypoth. P λ µ Min spec.
A 8.4e-33 0.0615 0.0694 17
B 4.2e-29 0.0745 0.0863 19
C 6.2e-31 0.0715 0.0753 18

are either from continental separation (allopatric speciation)
or (sympatric) speciations within the continent.

Using the standard parsimony reasoning, hypothesis A in
Figure 6 could be favored over hypothesis B and C since it
postulates only 17 speciations while the others requires as
many as 19 and 18 respectively. However, using an MCMC
approach to integrate over the birth and death parameters
in the gene evolution model, we can estimate the probability
of the Nothofagus phylogeny to evolve within the alternative
breakups. As can be seen in Table 1, hypothesis B is the most
likely alternative, despite the extra speciations. In all three
scenarios, the estimated (sympatric) speciation and extinc-
tion rates are quite similar, thus vouching for some stability
in the result.

7.2 MCMC on synthetic data
In [2] “The 90%-test” was introduced, i.e., statistics con-

cerning the fraction of the total number of experiments in
which the generated gene tree was among best 90% of the
gene trees in the a posteriori distribution. Ties were broken
using a probabilistically sound method. For a sufficiently
large number of experiments, the better the a posteriori dis-
tribution has been estimated the closer the expected value of
this fraction will be to 0.9. Thus, this test can be used as a
measure of the efficiency of the a posteriori estimation.

The 90%-test was performed on the methods described in
this paper, using MCMC to integrate over gene trees. We
generated gene trees and gene sequence data using the gene
sequence evolution model on a species tree with 3 taxa and
various birth and death rates, which gave up to approxi-
mately 12 genes, each with a DNA sequence of 100 positions.
One hundred thousand MCMC-iterations were performed
on the generated data, sampling every tenth iteration. We
present here an experiment result with λ = 2.2 and µ = 2.0,
which yielded the value 0.908 for the 90%-test.

7.3 The major histocompatibility complex
(MHC) multigene family

In [2], an MCMC-implementation of gene evolution model
was applied to an orthology problem from the major histo-
compability complex family. The phylogenetic tree of MHC
class I genes from Orangutan, Gorilla, Tamarin and Cat was
used. This is a subtree of the gene tree described in [11]. To
evaluate sensitivity to genome sampling, the Human MHC
class I genes were removed from this subtree, simulating that
the human genome had not been sampled. When included,
the human genes reveal that two groups of genes that in the
subtree can be paralogs or orthologs to each other, are in fact
paralogs (cf. Figure 7). It was shown that while parsimony,
falsely, predicted these groups to be orthologs, the gene evo-
lution model allowed a significant probability, 0.11, for the
correct answer.

We here apply the gene sequence evolution model, as de-
scribed in this paper, to the same problem. As in [2], we used
a species tree with divergence time estimates from [1], but
here the analysis was not restricted to the single gene tree
from [11]; instead we investigated all alternative gene trees
for the given sequences.

An initial MCMC analysis without sequence evolution,



NEW CALEDONIA

SOUTHEAST AUSTRALIA

TASMANIA

NEW GUINEA

NEW ZEELAND

SOUTH AMERICA

ANTARTICA

NEW CALEDONIA

SOUTHEAST AUSTRALIA

TASMANIA

NEW GUINEA

NEW ZEELAND

SOUTH AMERICA

ANTARTICA

SOUTHEAST AUSTRALIA

NEW GUINEA

NEW ZEELAND

NEW CALEDONIA

SOUTH AMERICA

ANTARTICA

Hypothesis B

Hypothesis A

TASMANIA

Hypothesis C

0 MYA102030405060708090100

Figure 6: The three geological hypotheses A, B and C for the Gondwanan breakup (redrawn from [13]).

Table 2: Orthology and paralogy probabilities for the
MHC-data using different methods of orthology analy-
sis. (Abbreviations used: GEM = Gene Evolution Model,
GSEM = Gene Sequence Evolution Model)

Hypothesis Parsimony GEM GSEM
Orthology Yes 0.89 0.75

Paralogy No 0.11 0.25

i.e., using the gene evolution model, and with the gene tree
from [11] fixed, was used to identify reasonable values for
birth- and death parameters, λ = 0.024, µ = 0.013. The pa-
rameters were fixed for these values in the subsequent full
gene sequence evolution MCMC performed over 1000 itera-
tions to integrate over the gene trees. The Markov chain con-
verged after approximately 200 iterations, and the preceding
samples were discarded. The results are shown in Table 2.
The paralogy probability for the pairs of genes is now in-
creased to 0.25, thus demonstrating a further improvement
in the robustness to incomplete genome sampling.
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